We consider triplet Higgs model with A 4 symmetry to generate the neutrino mass matrix. The tribimaximal form of the neutrino mixing matrix can be naturally obtained. Imposing the neutrino oscillation data, we show that 1) both normal and inverted mass hierarchy are allowed, 2) there is a lower bound on the lightest neutrino mass and the effective mass for neutrinoless double beta decay, 3) the non-vanishing θ 13 can be accommodated by considering small perturbation, 4) θ atm should be very close to π/4 even after perturbation.
Introduction
During last decade we have seen the firm evidences that the neutrinos have masses and mixings which may indicate the new physics (NP) beyond the Standard Model (SM).
The solar, atmospheric and reactor neutrino experiments have measured the mass squared differences and mixing angles [1] as shown in Table 1 . From the data in Table 1 we do not know the mass hierarchy, the absolute neutrino masses, or whether neutrinos are Majorana or Dirac particles. The future experiments like the neutrinoless double beta decay or Tritium decay may give further information on the nature of neutrinos. Therefore, it is important to get a model which predicts the mass matrix of neutrinos.
The current experimental data for the neutrino oscillations suggest that the mixing matrix, the Pontecorvo-Maki-Nakagawa-Sakata (MNS) matrix, is tribimaximal at the zeroth order [2] : 
One of natural flavor symmetries which give the tribimaximal MNS matrix is the A 4 symmetry [3, 4] . In addition, it was shown that the effective mass parameter relevant to the neutrinoless double beta decay can be predicted in a model with A 4 flavor symmetry [4] .
The tribimaximal mixing can also be naturally realized in the triplet Higgs model. Hadron Collider (LHC) experiment [5] .
In this Letter we study a triplet Higgs model with A 4 flavor symmetry which predicts not only the neutrinoless double beta decay but also all the neutrino masses. The Letter is organized as follows: In Section 2 we introduce our model. The numerical analysis for the neutrino masses and mixings and the predictions for the neutrinoless double beta decay are done in Section 3. We conclude in Section 4.
The Higgs triplet model with A 4 symmetry
The conventional method to generate the neutrino masses is to introduce the heavy Majorana right-handed neutrinos (type-I seesaw). However, it is difficult to test this case
experimentally. An alternative way to give Majorana masses to neutrinos is to introduce SU(2) L Higgs triplet ∆ with U(1) Y charge 1 in the SM (type-II seesaw) [8] . Via Yukawa interaction the Higgs triplet model can provide Majorana masses to neutrinos if the neutral component ∆ 0 gets very small vev [7] . The Yukawa interaction is given by
where h ij is a complex symmetric coupling matrix,
T L is a left-handed lepton doublet, C is the Dirac charge conjugation operator, and τ 2 is a Pauli matrix. The Higgs triplet can be decomposed as follows:
Then the neutrino mass matrix is written in terms of the vev as
There are many attempts to obtain the form of neutrino mass matrix suggested by Table 1 in the framework of A 4 symmetry in the literature [3, 4] . The group A 4 has three 
For two vectors (x 1 , x 2 , x 3 ) and (y 1 , y 2 , y 3 ) transforming as 3, the first rule in the above equation states that
We assign the three-dimensional representation 3 of A 4 to the doublet Higgs φ and the triplet Higgs ∆ as in Then not all the couplings in (2) but only the following A 4 -symmetric Yukawa interactions are allowed:
where the subscripts 1, 1 ′ , 1 ′′ represent the transformation rules of the (φ † L) pair in the first line and of the (L T L) pair in the second line. The resulting lepton and neutrino mass matrices have the following form
where v i = φ i (i = 1, 2, 3) and
We assume v 1 = v 2 = v 3 , and d = e = f , which can be guaranteed by a residual symmetry like Z 3 . For simplicity we impose additional assumption: b = c which naturally gives the maximal atmospheric neutrino mixing, although it is not required by any symmetry. It is straightforward to extend our analysis to the case b = c. We will consider the effect of small perturbation of c − b in Section 3.2.
Then the lepton mass matrix, M l , can be diagonalized by rotating the left-handed lepton by the unitary matrix
The neutrino mass matrix is diagonalized by the transformation
where U ν is a unitary matrix which can be decomposed into three successive rotation matrices: U ν = V 23 V 13 V 12 [1] . The form of the neutrino mass matrix when b = c is given by
The resulting MNS matrix is the product of U(ω) and U ν :
Alternatively we can work in the basis where the mass matrix of the charged lepton is diagonal. In this basis the neutrino mass matrix is in the form:
such that
Since the neutrino mass matrix is symmetric under the exchange of ν µ ↔ ν τ , we get a bimaximal 2 − 3 mixing and a vanishing 1 − 3 mixing
The (15) does not automatically generate the desired mixing angle θ 12 for the tribimaximal mixing matrix. The form of (1), however, can be achieved in a wide region of parameter space. This can be seen from the fact that the U MNS obtained in (16) can be decomposed in general as
where U st MNS is the physically measurable matrix which includes the Majorana phases in the standard form [1] , 
The phase matrix, P (β), in (18) can be absorbed into the right-handed charged lepton sector, and therefore, is unphysical. However, since the M eff ν is complex matrix in general, the phase matrix P (β) is generally allowed, and it makes the allowed parameter space much more wider than the real matrix case. The condition for the tribimaximal mixing including the unphysical β's can be written as
where the phases β 1 , β 2 can take arbitrary values. The d = 0 is a special case to give the tribimaximal mixing matrix.
We note that if we assume ∆ As mentioned in the previous section, we get θ 23 = π/4, θ 13 = 0 in this case. More explicitly, with U MNS = U 23 U 13 U 12 , we get
After rotating in the 23 and 13 plane, we can block-diagonalize the M eff ν as
We can read m 
where x ≡ |a|/|d|, y ≡ |b|/|d|, ϕ ab ≡ ϕ a − ϕ b and Λ = 2x 2 + 5y 2 + 5 + 2xy cos ϕ ab + 2x cos ϕ a − 2y cos ϕ b , Σ = −y 2 + 3 − 2xy cos ϕ ab + 6x cos ϕ a + 2y cos ϕ b ,
where ǫ 1 = y 2 + 2xy cos ϕ ab + y cos ϕ b and ǫ 2 = 3y sin ϕ b .
We can show that Λ ≥ ∆ (the equality sign holds for x = 27/32, y = (91 − √ 4641)/128, and ϕ a = ϕ b = 0 ). So the smallness of the solar mass difference, ∆m 
We note that the above conditions give ∆ ≈ −3Σ or tan θ 12 = 1/ √ 2. Then we obtain the tribimaximal mixing (1) without further conditions 3 . Although the magic relation (25) is not guaranteed by any symmetry, it is satisfied in a large parameter space, especially when the CP violating phase ϕ a is allowed. In this approximation we get the following 3 If (25) holds exactly, t 12 becomes undetermined.
mass-squared differences:
Here ∆m 
It is interesting to note that this expression is a function of y only and independent of x and ϕ a . The 3-σ allowed range of y can be read from Fig. 2 and is given by y > 12.7 for (y + 2x cos ϕ a + 1) > 0 1.14 < y < 1.70 for (y + 2x cos ϕ a + 1) < 0
for normal hierarchy and y < −4.71 for (y + 2x cos ϕ a + 1) < 0 (29) To consider the constraints from the mass-squared differences, we take the ratio 
where f (y) = 6|y| 9 − 6y + 9y 2 . Fig. 3 shows the plots of f (y). Using the relation, 2x cos ϕ a + y + 1 ≈ 0, we can get
in the leading order in ρ. The minimum of m 1 is obtained when cos 2 ϕ a = 1 for both normal and inverted hierarchy. Now let us consider the bound on the effective Majorana mass for neutrinoless doublebeta decay [4] . The amplitude of the neutrinoless double beta decay (0νββ) is proportional to the effective Majorana mass for the 0νββ defined by
Similar to (32), we get
in the leading approximation in ρ. The ratio | m ββ |/ ∆m 2 atm has lower bounds for the allowed range in y (thick parts in the solid blue curve in Fig. 5 ). Numerically we get | m ββ |/ ∆m 
The model with A 4 symmetry which has non-vanishing lower bound for | m ββ |/ ∆m 2 atm even in the case of normal hierarchy was considered in [4] . Numerically we get similar values to theirs. 
The case b = c
As mentioned in Section 2, the case b = c is not guaranteed by any symmetry. In this section we extend to the case b = c. The effective neutrino mass matrix given in (15) is now in the form:
Since b = c case can already give the tribimaximal mixing matrix, we can see b and c cannot be so different. Therefore, we can apply the time-independent perturbation theory to diagonalize the neutrino mass matrix and expand in powers of ξ ≡ (c − b)/2b. Since b is assumed to be real, we also assume ξ to be real.
Since the 1st and 2nd eigenvalues giving the ∆m 2 sol are quasi-degenerate, the blind application of the perturbation formula gives unreasonable results. To evade this problem we diagonalized the 2×2 sub-matrix exactly. And then we applied the perturbation formula in the basis where the first two mass-squared eigenvalues are diagonal.
The solar mass-squared difference is obtained to be ∆m 2 sol ≃ d 2 |2x cos ϕ a + y + 1 + ξy| 9y 2 − 6y + 9.
This implies the "magic relation" corresponding to (25) is simply replaced by 2x cos ϕ a + y + 1 + ξy ≈ 0.
The atmospheric mass-squared difference is
Since ξ ≪ 1, y > 0 (y < 0) still gives normal (inverted) hierarchy.
The correction in ξ to the effective mass for the 0νββ, (34), is given by
The minimum values in ϕ a are obtained for ϕ a = π(0) for normal (inverted) hierarchy.
These are plotted in 
Since ρ ≪ 0.1, the correction to (40) in ρ does not change the results much.
For the mixing angle θ 12 we get a formula similar to (27), tan 2θ 12 ≃ ± 2 √ 2|y| y − 3 for sign(y + 2x cos ϕ a + 1 + ξy) = ±.
The most significant change from the case b = c is that the non-vanishing θ 13 and consequently δ for non-trivial ϕ a is allowed in b = c case. The expression for s 13 ≡ sin θ 13 is obtained by
The CP violating phase δ is given by
We do not have a definite prediction for s 13 . But the 3-σ range in Table 1 can be accommodated. Fig. 6 (7) shows contours for the constant s 13 and δ for the normal (inverted) hierarchy case. We can see the 3-σ range for the s 13 can be accommodated in the perturbative region for ξ. All the possible values of δ are allowed by the current experimental values, although relatively small values of δ are preferred.
A very interesting prediction is for θ 23 . Up to the first order in ξ, the prediction for θ 23
is still π/4. The first correction appears in second order in ξ:
for the 1-σ allowed ξ (ξ 0.1) by s 13 . Therefore if the experiments would confirm significant deviation from π/4 for θ 23 , our model would be ruled out. We take y = 13 (y = 1.5) for the left (right) panel. 
Conclusions
We studied a triplet Higgs model to generate Majorana neutrino masses and the mixing matrix in the framework of A 4 symmetry. With the assignments of A 4 representations given in Table 2 , we see that
• The tribimaximal form of the neutrino mixing matrix can be naturally obtained for
• There is a lower bound on the lightest neutrino mass: m 1 0.03(0.05) eV for the normal (inverted) hierarchy.
• There is a lower bound on the effective mass for the neutrinoless double beta decay:
| m ββ |/ ∆m 2 atm > 0.2(0.57) for the normal (inverted) hierarchy.
• For b = c case, we can accommodate the data for the θ 13 .
• Even for b = c case, the prediction for the atmospheric mixing angle does not change much from θ 23 = π/4 and gives sin 2 θ 23 ≈ 0.5 ± 0.01, which can be tested in near future.
